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Codes, trees and the prefix property

by Kona Macphee

Introduction

These days we take fast, reliable global telecommunications for granted. From our own homes we can ring up
our friends all over the country, send facsimile reproductions of our documents to businesses overseas, and
download files and web pages from all over the world.

It's easy to forget that it was less than 200 years ago that the first electronic communication system, the
telegraph, was invented.

These days, most telecommunications are sent automatically from one telephone exchange or computer to
another. In the old days of the telegraph, however, a human operator was required at each end. The sender
would tap out messages in Morse code, which would be transmitted down the telegraph wire to a human
decoder translating them back into ordinary characters.

Whereas written language uses alphabetic, numeric and punctuation characters, Morse code uses only two
symbols: "dot", a short signal, and "dash", a long signal (by convention three times the length of dot).
Different combinations of dots and dashes represent the different characters in an ordinary written message.

Today, there are many different ways of encoding written messages. We understand much better than did
Samuel Morse the formal requirements of a good code. In this article, we'll be examining one important
property of codes used to transmit messages from one place to another: the prefix property.
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What is a code?

A code, for our purposes, is simply an organised way of representing information using a fixed, possibly small
set of symbols. For example, modern computers rely on a binary (or two−element) code consisting only of the
symbols 0 and 1. All the information on your computer (text, images, computer programs etc) is stored in a
coded form as a sequence of 0s and 1s.

In order to solve the problem of storing alphabetic, numeric and other special characters on a computer, a code
known as ASCII (American Standard Code for Information Interchange) was designed. Standard ASCII
includes 128 different characters, and Extended ASCII adds an extra 128 to these.

In Standard ASCII, the various characters (including digits) are each given a unique number between 0 and
127. The character "A", for example, is number 65, and the character "a" is number 97.

However, our computers can only physically store 0s and 1s, and therefore these character numbers cannot be
stored using our decimal numbering system: instead, they are stored as binary numbers using only 0s and 1s.
Therefore Standard ASCII consists of 128 different code words based on a code alphabet consisting of the
elements 0 and 1.

Table 1 shows the number, binary code word and actual character for ASCII characters numbers 32 to 127
(characters 0−31 are special "non−printable" characters, not shown here).

No. Code Word Character

32 0100000 SPACE

33 0100001 !

34 0100010 "

35 0100011 #

36 0100100 $

37 0100101 %

38 0100110 &

39 0100111 '

40 0101000 (

41 0101001 )

42 0101010 *

43 0101011 +

44 0101100 ,

45 0101101 −

46 0101110 .

47 0101111 /

48 0110000 0

49 0110001 1

50 0110010 2

51 0110011 3

52 0110100 4

53 0110101 5

54 0110110 6

55 0110111 7
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56 0111000 8

57 0111001 9

58 0111010 :

59 0111011 ;

60 0111100 <

61 0111101 =

62 0111110 >

63 0111111 ?

No. Code Word Character

64 1000000 @

65 1000001 A

66 1000010 B

67 1000011 C

68 1000100 D

69 1000101 E

70 1000110 F

71 1000111 G

72 1001000 H

73 1001001 I

74 1001010 J

75 1001011 K

76 1001100 L

77 1001101 M

78 1001110 N

79 1001111 O

80 1010000 P

81 1010001 Q

82 1010010 R

83 1010011 S

84 1010100 T

85 1010101 U

86 1010110 V

87 1010111 W

88 1011000 X

89 1011001 Y

90 1011010 Z

91 1011011 [

92 1011100 \

93 1011101 ]

94 1011110 ^

95 1011111 _

No. Code Word Character

96 1100000 `

97 1100001 a

98 1100010 b

99 1100011 c

100 1100100 d

Codes, trees and the prefix property

What is a code? 3



101 1100101 e

102 1100110 f

103 1100111 g

104 1101000 h

105 1101001 i

106 1101010 j

107 1101011 k

108 1101100 l

109 1101101 m

110 1101110 n

111 1101111 o

113 1110000 p

113 1110001 q

114 1110010 r

115 1110011 s

116 1110100 t

117 1110101 u

118 1110110 v

119 1110111 w

120 1111000 x

121 1111001 y

122 1111010 z

123 1111011 {

124 1111100 |

125 1111101 }

126 1111110 ~

127 1111111 DEL

[an error occurred while processing this directive]

Based on the information in table 1.1, you can see that the alphabetic text

HELLO!

would be stored on a computer in an ASCII code string as

100100010001011001100100110010011110100011

You may have noticed that some of the ASCII binary codes seem to be longer than they need to be. For
example, the character "=" is represented by the binary code word "0111101". Why do we need the leading
zero? Surely "111101" means the same thing? After all, both "09" and "9" mean nine.

As you can see from table 1, all the ASCII code words are the same length (7 binary digits for Standard ASCII
and 8 binary digits for Extended ASCII). Now, the words in a code don't have to be all the same length, as we
shall see. However, by making each code word contain a fixed number of binary digits we ensure that an
important property called the prefix property holds true for the ASCII code.
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Codes and the Prefix Property

Any code used for transmitting information must possess what is called the prefix property.

If a code has the prefix property, it means that no word in the code is a prefix of any other word in the code:
in other words, that no longer code words begin with the identical digits making up any of the shorter code
words.

As an example, let's consider a code made of code words of varying length. If 0 is a valid code word, then no
other code word can start with 0 if we wish to preserve the prefix property. If 10 is a valid code word, then no
other code word can start with 10.

Therefore, a valid five−word "prefix code" containing these two code words might look like one of these
codes:

Event A B C D E

Code 1 0 10 110 1110 1111

Code 2 1 00 011 0100 0101

[an error occurred while processing this directive]

The following codes, on the other hand, would be invalid because the prefix property does not hold:

Event A B C D E

Code 3 1 00 01 001 011

Code 4 0 10 01 011 100

[an error occurred while processing this directive]

(In code 3, the code for B is a prefix of the code for D; the code for C is a prefix of the code for E. In code 4,
the code for A is a prefix of the codes for C and D; the code for C is a prefix of the code for D).

The Prefix Property and Trees

An intuitive way of discovering whether or not the prefix property holds is by drawing a code tree.
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Figure 1: A binary code tree, showing code words 01 and 1101.

Figure 1 shows a binary code tree with four levels. We can build code words by starting at the top of the
(upside−down) tree with an empty code word string "", and descending through the tree. At each branching
point, we choose to go either left (digit 0) or right (digit 1) and we add this new digit to the end of our code
word string.

For example, the blue path in figure 1 shows how we assemble code−word "01" (choosing first the left branch
at level 1 − digit 0 − and then the right branch at level 2 − digit 1). The green path shows how we assemble
code word "1101".

Note that nodes inside the tree, with other nodes hanging from them, are called interior nodes. Nodes at the
bottom of the tree, with no such descendants, are called leaf nodes. In other words, code word 01 is located at
an interior node in the tree of figure 1, and code word 1101 is located at a leaf node in this tree.

Now, this particular tree can be used to generate thirty different code words: two one−digit words at the first
level (0 and 1), four two−digit words at the second level (00, 01, 10, 11), eight three−digit words at the third
level, and sixteen four−digit words at the fourth level. Different kinds of trees (with more levels, fewer levels,
missing branches etc) can generate different sets of code words.

We already know that in a prefix code, no code word can be a prefix of any other code word. We would
therefore expect that if we draw a code tree for a prefix code, all code words will be located at leaf nodes in
that tree.

To draw a code tree for a particular code, we include all the nodes and branches required to form all the words
in the codes, but no other nodes or branches. Accordingly, each of the four codes in tables 1.2 and 1.3 can
represented using a code tree, as follows:
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Figure 2 (left): Code tree for code 1, table 2.

In the code tree for code 1, a prefix code, each of the five code words is located at a leaf node;
as expected, none of the interior nodes is a code word node.

Figure 3 (right): Code tree for code 2, table 2.

Similarly, in the code tree for code 2, also a prefix code, each of the five code words is
located at a leaf node.

Codes, trees and the prefix property

Codes and the Prefix Property 7



Figure 4 (left): Code tree for code 3, table 3.

Code 3 is not a prefix code: although code words A, D and E are located at leaf nodes in the
code tree, nodes B and C are located at interior nodes.

Figure 5 (right): Code tree for code 4, table 3.

Code 4 is also not a prefix code. Although code words D and E are located at leaf nodes, code
words A, B and C are located at interior nodes.

As you can see, the prefix codes have their code words located entirely at leaf−nodes in the tree, whereas the
non−prefix codes have code words located at interior nodes; these "offending" code words are prefixes of
other words in the code.

Why do we need the prefix property?

Why is the prefix property important? Consider trying to send a message describing the following sequence of
events:
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A C D E B A C E

Using code 1 above (a valid code), the message looks like this.

0 1 1 0 1 1 1 0 1 1 1 1 1 0 0 1 1 0 1 1 1 1

There is only one way of breaking up the message into valid code words from left to right (or parsing it) − the
intended way:

No code word is a prefix of any other code word, so the message is unambiguous, and is decoded into the
correct original message A C D E B A C E.

Using code 4 above (an invalid code), the message looks like this:

0 0 1 0 1 1 1 0 0 1 0 0 0 1 1 0 0

However, there are multiple ways of parsing this message into valid code words:

Because the code does not have the prefix property, the coded message is ambiguous. It can be decoded into
all these different possible original messages:

Parsing Decoded message

Red A C D E E C E

Pink A C D E E C B A

Orange A C D E E D A A

Yellow A C D E B A C E

Light Green A C D E B A C B A

Dark Green A C D E B A D A A

Light Blue A C D B C A A C E

Dark Blue A C D B C A A C B A

Purple A C D B C A A D A A
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[an error occurred while processing this directive]

There is no way of knowing which is the correct interpretation, so the code is of no use for sending messages.

Back to ASCII

As mentioned previously, ASCII preserves the prefix property because every code word has the same length
(7 bits in Standard ASCII, 8 bits in Extended ASCII). No code word can be a prefix of any other code word
because no code word is any longer or shorter than any other. ASCII messages can therefore be parsed
unambiguously, because with code words of a fixed length we automatically know how to break the code
stream into words.

Back to Morse: Food for thought

Figure 6: Morse code.

You can see from figure 6 that the code words used in Morse code don't possess the prefix property: the code
word for 'A', for example, is a prefix of the code word for 'J', and for 'L' (and others). This leads to some
interesting questions for you to ponder:

In transmitting Morse code messages, telegraph operators left a time gap between letters (and a longer
gap between words). Why do you think they did this?

• 

Can you think of any reasons behind the assignment of particular Morse code words to particular
symbols?

• 

What might be the difficulty for a human user in using a prefix code with no time gaps between letters
or words to receive telegraph messages?

• 
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